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a b s t r a c t
This paper deals with the unsteady flow and heat transfer of a generalized Maxwell fluid
over a moving flat plate with variable temperature and hyperbolic sine velocity. Exact
solutions are established for the velocity and temperature fields in terms of discrete Fourier
sine transform coupled with Laplace transform for the fractional calculus. Graphs are
sketched for values of parameters and associated dynamic characteristics are analyzed.
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1. Introduction
In recent years, the advance in technological applications have brought a wide range of rheological complex fluids that
are characterized by diverse and significant deviations from simple Newtonian fluids and a considerable attention has been
devoted to predict the behavior of rheological fluids [1]. The fractional calculus were found to be quite flexible for describing
the rheological and viscoelastic properties of fluids [2–5]. In this paper, we consider the unsteady flow and heat transfer of
a generalized Maxwell fluid over a moving flat plate due to a hyperbolic sine velocity. We assume that the fluid has an
initial temperature, the temperature of the plate changes with time. The exact solutions and numerical ones are obtained by
using the discrete Fourier sine transform coupled with Laplace transform for the fractional calculus [6,7] and the associated
velocity field and the temperature field dynamic characteristics are illustrated by figures.
2. Governing equations
The constitutive equations of generalized Maxwell fluid are defined [2–5]
T = −pI+ S, S+ λ(Dαt S+ V · ∇S− LS− SLT ) = µA (1)
(1+ λDαt )τ (y, t) = µ∂yu(y, t) (2)
ρ∂tu(y, t) = ∂yτ(y, t). (3)
In the absence of a pressure gradient in the x-direction, the equation of motion is written as
(1+ λDαt )
∂u(y, t)
∂t
= v ∂
2u(y, t)
∂y2
. (4)
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One-dimensional unsteady heat conduction equation in generalized Maxwell fluid is written as
ρc
DaT
∂ta
= k∂
2T
∂y2
+ µ

∂u
∂y
2
, 0 ≤ α ≤ 1 (5)
where Dαt is fractional differentiation operators of order α (0 ≤ α < 1) with respect to t based on Riemann–Liouville’s
definition [3–7]. For the physical meaning of present fractional differential equations, see [8] and reference therein.
3. Formulation of the problem and solutions
We consider an incompressible generalized Maxwell fluid over an infinite flat plate. Initially, the fluid is at rest, and at
the time t = 0+, the infinite plate begins to move in the speed of sinh at = 12 (eat − e−at)
u(y, 0) = ∂u(y, 0)
∂t
= 0, y > 0, u(0, t) = sinh at, t ≥ 0 (6)
where a is a constant. In terms of Laplace transform, Fourier sine transform and their inverse transform, we get
u(y, t) = v
πλ
∫ ∞
0
ξ sin(yξ)
∫ t
0
ea(t−s)
∞−
k=0
∞−
j=0
(−1)k
λk
(k+ 1)jtαk+αj+α+j
Γ (1+ j)Γ [αk+ αj+ α + j+ 1]

−vξ
2
λ
j
dsdξ
− v
πλ
∫ ∞
0
ξ sin(yξ)
∫ t
0
e−a(t−s)
∞−
k=0
∞−
j=0
(−1)k
λk
(k+ 1)jtαk+αj+α+j
Γ (1+ j)Γ [αk+ αj+ α + j+ 1]

−vξ
2
λ
j
dsdξ (7)
τ¯ (y, s) = µ
λsα + 1
∂ u¯(y, s)
∂y
(8)
τ(y, t) = vµ
πλ2
∫ ∞
0
ξ 2 cos(yξ)
∞−
k=0
∞−
j=0
(−1)k
λk

−vξ
2
λ
j
(k+ 1)j
Γ (1+ j)
∫ t
0
∫ σ
0
ea(σ−s)sak+aj+a+j
Γ (ak+ aj+ a+ j+ 1)Ra,0
×
−1
λ
, 0, t − σ

dsdσdξ − vµ
πλ2
∫ ∞
0
ξ 2 cos(yξ)
∞−
k=0
∞−
j=0
(−1)k
λk

−vξ
2
λ
j
(k+ 1)j
Γ (1+ j)
×
∫ t
0
∫ σ
0
e−a(σ−q)sak+aj+a+j
Γ (ak+ aj+ a+ j+ 1)Ra,0
−1
λ
, 0, t − σ

dsdσdξ . (9)
Assume that the initial temperature of the fluid is T0, and the temperature of the plate is T1 + T2 sin(ωt), we obtain
T (y, t) =

2
π
∫ ∞
0
sin(qy)Φ(q)
∞−
n=0
(−aq2tα)n
Γ (αn+ 1)dq+

2
π
∫ ∞
0
sin(qy)
∫ t
0
F(q, τ )(t − τ)α−1
×
∞−
n=0
[−aq2(t − τ)α]n
Γ (αn+ α) dτdq+
2aT1
π
∫ ∞
0
q sin(qy)
∫ t
0
(t − τ)α−1
∞−
n=0
[−aq2(t − τ)α]n
Γ (αn+ α) dτdq
+ 2aT2
π
∫ ∞
0
q sin(qy)
∫ t
0
sin(ωτ)(t − τ)α−1
∞−
n=0
[−aq2(t − τ)α]n
Γ (αn+ α) dτdq (10)
a = k
ρc
, f (y, t) = µ
ρc

∂u
∂y
2
, F(q, t) =

2
π
∫ ∞
0
sin(yq)f (y, t)dy.
4. Results and analysis
In order to investigate the characteristics of the solutions, some graphs are sketched for values of parameters. Figs. 1
and 2 describe the distributions of velocity and shear stress fields. These charts indicate that the velocity and shear stress
showed significant changes with time t , and also showed slight changes with values of fractional order derivative α. The
velocity and the shear stress decreasewith increase in time t . Fig. 3 shows the distribution of temperature field, these figures
also indicated that the temperature field showed significant changes with time t and a slight change with different values
of fractional order derivative α. The greater the values of t , the rapid the temperature decays.
5. Conclusions
This paper presented a research for unsteady flow and heat transfer of a generalized Maxwell fluid over a moving flat
plate with variable temperature and hyperbolic sine velocity. The exact solutions and numerical ones are obtained by using
the discrete Fourier sine transform and Laplace transform and expressed as double integrals of double series and illustrated
by figures. The associate velocity field and the temperature field dynamic characteristics are analyzed.
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Fig. 1. Comparison of velocity fields for different values of α and t .
Fig. 2. Comparison of shear stress fields for different values of α and t .
Fig. 3. Comparison of temperature fields for different values of α and t .
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